We explore self-similar collapse solutions to the Einstein-axion-dilaton system in arbitrary spacetime dimensions, which are invariant under spacetime dilation combined with internal SL(2, R) transformations. We set up a numerical formalism, and test it in four and five dimensions, discovering several new families of solutions in the three conjugacy classes of sl(2, R).
Introduction
A curious gedanken experiment in gravitation, performed in [1] , explored the interface between the initial conditions that lead to collapse and those that do not. The specific example of four-dimensional gravity coupled to a real massless scalar revealed a fascinating result which is otherwise quite robust. The solutions on such a "critical surface" develop indeed some form of space-time self-similarity or homothetic invariance, a phenomenon suggestively reminiscent of the emergence of conformal symmetry in ordinary critical statistical systems.
This discovery has given rise to a wide research effort devoted to critical phenomena and scale invariance in gravity.
Choptuik's thought experiment [1] entails the "tuning" of initial conditions across the critical surface that separates solutions with a black-hole final state from those without it, focusing on the pseudo-critical behavior attained by several observables when approaching this threshold [1, 2] . Specifically, one considers a one-parameter class of initial conditions indexed by a value p qualitatively related to the initial field amplitudes. For sufficiently small p, time evolution is linear and therefore no gravitational collapse occurs. For p sufficiently large, a trapped surface forms, and therefore the final state must contain a black hole. Some critical value p crit should then signal the transition between these two regimes. Furthermore, a critical scaling law was exhibited; specifically, for p > p crit the mass of the resulting black hole scaled as
with the critical exponent (henceforth Choptuik exponent) γ ≈ 0.37 (see also [3, 4] ).
Numerical investigations showed that, close to criticality, the solutions exhibit discretely self-similar behaviors, which indicates that they are invariant under some finite homothety. Discrete self-similarity, while fascinating, is exceptionally difficult to study analytically. Non-trivial continuous self-similarity, i.e. the invariance under continuous one-parameter groups of homotheties, presents itself as soon as one introduces matter sectors with internal symmetries; it is then possible to obtain non-trivial solutions that are invariant under combinations of scalings and internal symmetry transformations.
One can perform similar numerical experiments with various choices for the matter content. For example, [5] examined the case of a complex scalar field, while [6, 7, 8, 9] studied the critical collapse of a radiation fluid, and [10] considered non-linear σ-models over the hyperbolic plane and the sphere. In all these cases, however, the focus was restricted to compact subgroups of the target-space symmetries. [10] specifically overlaps with the contents of this paper, since it also examines elliptic solutions of the axion-dilaton system. The authors of [11] also considered the generalization of the preceding results to the case of axial symmetries. All these results provide some evidence that the link between criticality of collapse and self-similarity extends well beyond the original context of spherically symmetric real scalar fields.
This paper is devoted to the study of continuously self-similar solutions of the Einstein-axion-dilaton system in arbitrary dimensions. The internal SL(2, R)
symmetries have an interesting structure, due to the presence of compact and non-compact one-parameter subgroups, and we thus generalize previous discussions considering all possible classes of continuously self-similar collapses. In this fashion, we discover several families of critical spacetimes in various dimensions.
2 Continuous self-similarity in the axion-dilaton system
The system considered in this work is common to the low-energy effective action of type II string theory [12, 13] . It consists of gravity coupled to a dilaton φ and an axion a. The two scalars can be combined into a single complex field τ ≡ a + ie −φ spanning the upper half of the complex plane. The action in d ≥ 4 dimensions is
where R is the Ricci scalar 1 , and the scalar sector is a non-linear sigma model over the hyperbolic plane H 2 with reference to a half-plane chart. The equations of motion stemming from action (2) are
The isometries of the target space form the group SL(2, R) of Möbius transformations acting on τ as
They are global internal symmetries of the action and of its equations of motion.
In string theory this SL(2, R) symmetry is reduced by quantum effects to a discrete SL(2, Z) subgroup, the general form of the S-duality conjectured to be a non-perturbative symmetry of IIB strings [14, 12, 13] .
We are interested in examining some of the solutions at the critical threshold separating black hole end states from empty Minkowski ones. We note that if one sets either a = 0 or φ = 0, up to a redefinition one is left with a single minimally-coupled scalar and thus to the original setup of [1] , which exhibits discrete self-similarity.
The continuous self-similarity is due to the presence of a homothetic Killing vector ξ that produces global scale transformations so that
The issue is how τ must transform under ξ. The internal SL(2, R) symmetry of the scalar sector can be consistently combined with the spacetime homothety generated by ξ = t ∂ ∂t + r ∂ ∂r . All in all, τ must be homothety-invariant up to an SL(2, R) transformation:
with α i ∈ R.
We shall henceforth confine our attention to spherically symmetric configurations. Generic d-dimensional spherically-symmetric spacetime metrics can be cast in the form:
with q ≡ d − 2. Continuous self-similarity (6) is then guaranteed if the two functions u(t, r), b(t, r) depend only on a scale invariant combination z ≡ − r t :
b(t, r) = b(z), and u(t, r) = u(z) .
We note that all such metrics, with the exception of the trivial Minkowski case, feature a genuine curvature singularity at the homotetic center r = t = 0.
One can now distinguish physically inequivalent cases referring to the conjugacy class of the infinitesimal Möbius transformations that compensate the dilation as in eq. (7) . The trivial transformation can be excluded, since it implies a flat spacetime necessarily, as we shall see in section 4.1.3. One is therefore left with the three separate classes of elliptic, parabolic and hyperbolic solutions.
Self-similar axion-dilaton fields

Elliptic class
Up to an SL(2, R) transformation, the general form of a solution of eq. (7) in the elliptic class is given by
with f (z) a complex function satisfying |f (z)| < 1, and ω a real constant, which we can take to be positive 2 . The compensating transformation is a rotation; it consequently manifests itself as a residual symmetry of f (z),
which leaves the equations of motion invariant.
One can justify the ansatz (10) noting that the simplest possible representative of the elliptic class in the upper-half plane obtains combining conformal mappings to and from the Poincaré disk with rotation in the latter, as follows:
Hyperbolic class
The general solution of eq. (7) in the hyperbolic class is, up to a global SL(2, R) transformation,
with f (z) a complex function satisfying Im f (z) > 0, and ω a real constant which can be taken positive 3 . In this case the compensating transformation is a boost / hyperbolic translation, and correspondingly there is the residual symmetry
We remark that [15, 16] used a different parametrization
which is actually related to (14) by an SL(2, R) transformation, and is thus entirely equivalent and results in the same equations of motion for f (z).
Parabolic class
Finally, the general solution of eq. (7) in the parabolic class is of the form
with Im f (z) > 0, and ω is real and can be taken positive for identical reasons as before. From a geometric standpoint, this transformation is a horolation of H 2 ; in practice it is a shift of τ by a real constant. This implies the following residual symmetry
under which the equations of motion will be invariant.
We also note a special type of transformation, unique to the parabolic case.
Indeed, the transformation
is equivalent to τ → Kτ , which is also a symmetry. Therefore, (19) will relate solutions with different ω > 0.
Equations of motion
We now turn to the reduced form of the equations of motion under the assumptions of continuous self-similarity and spherical symmetry.
Methodology
The determination of the final equations of motion for the given ansätze starting from the eqs. (3), (4) in general dimension and for all three conjugacy classes is particularly arduous; thus, here we only sketch the strategy employed in the calculation.
Dimensionally-agnostic calculation
We consider the auxiliary two-dimensional metric:
for which we compute the two dimensional Ricci-tensorR ab and Christoffel symbolsΓ a bc . This calculation needs to be performed only once. At this point, given that the metric (8) is written as a warped product of the q-sphere (we recall q = d − 2)
one can now easily derive relationships between the d-dimensional Ricci tensor andR ab ,Γ a bc and the sphere's Ricci tensor, which is R ij = (q − 1)h ij where h ij is the unit sphere metric. Specifically:
where∆ is the two-dimensional Laplacian. All other components vanish.
The full Ricci tensor is hence determined explicitly as a function of the unknown dimension through q. In particular, we find
where b and u are the metric functions defined in eq. (20) .
The right hand side of the field equations
it is instead readily seen to be dimension-invariant, so one needs to perform this calculation only once as well. The final piece is the axion-dilaton equation of motion, where the dimensional dependence appears in the ∇ a ∇ a τ term; if one however rewrites this expression as
then this dependence only manifests itself in
remembering the assumption of spherical symmetry, this equation too can be readily obtained as an explicit function of q.
Thus, all the equations of motion for u, b, τ are obtained for general dimension with a calculation of time complexity not scaling with the dimension itself.
With this strategy, arbitrarily large dimensions could in principle be probed numerically with no increase in the machine time.
At this point, for the three conjugacy classes we can substitute the various ansätze for τ (t, r) in terms of f (z).
Elimination of u(z), u (z)
In a self-similar solution, metric functions only depend on z = − r t , so u(t, r) = u(z) and b(t, r) = b(z). One can then eliminate u(z) in favour of b(z) and f (z).
Specifically, the ij Einstein field equations (EFEs) lead to
while the first derivative is extracted from the tr component of EFE. Specifically, in the elliptic, parabolic and hyperbolic cases
One can then consider the combination of the field equations where second order derivative terms of the fields cancel, usually referred to as the Hamiltonian
where b is again the metric function defined in eq. (20) , replacing in it u and u according to eqts. (29), (30). After some algebra, this procedure yields a firstorder differential equation for b(z) involving f (z) and f (z) (and conjugates).
One then moves to the axion-dilaton equation of motion (4), again replacing u(z) and u (z), and finally removing any instance of b (z) making use of the equation just found. The final result is a system of coupled ordinary differential equations of the form
whose (real) order is five. We emphasize that we have been able to algebraically remove the degree of freedom associated with u(z). We can now present the resulting system for the three conjugacy classes of sl(2, R).
Final forms of the equations of motion
Here we present the final equations of motion for f (z), b(z) for the three separate classes, for arbitrary numbers of dimensions. Our results are in complete agreement with [15] , where they were first derived.
Elliptic class
We find the following e.o.m.'s for self-similar solutions in the elliptic class in any
Parabolic class
We find the following e.o.m.s for self-similar solutions in the parabolic class, in
Hyperbolic class
Finally, we find the following e.o.m.s for self-similar solutions in the hyperbolic class, in any dimension d = q + 2:
Self-similar solutions
Having reduced the problem of determining continuously self-similar (CSS) configurations to a one-dimensional system of ODEs for the functions b(z), f (z),
we now turn to the question of searching physically meaningful solutions to the latter.
Search methodology
In [10] the authors present an accurate numerical method for the search of selfsimilar solutions. We build our technique upon theirs, with several important simplifications on the algebraic and numerical fronts.
We begin from the endpoint z = 0, which is a singular point for the system. In terms of the original t, r coordinates, this is the ray r = 0, t < 0. Therefore, it must be a mere coordinate singularity, specifically of the type associated with the origin of a polar coordinate system. If we thus assume that the scalars are regular across this axis, it follows that
which comprises two real boundary conditions.
In addition, making use of the freedom to rescale time by an overall constant, one can set
Finally, we recall that in each conjugacy class the equations of motion have a residual one-dimensional symmetry, which we employ to remove one degree of freedom out of the complex number f (0). Specifically, we perform the following fixing:
We also considered the equivalent fixing f (0) = e i arg f (0) for the hyperbolic class, but we ultimately preferred the choice presented in (42) for consistency with the existing literature. At any rate, the problem is reduced to the determination of two real parameters, the remaining one in f (0) and ω.
Note that another kind of singularity is developed whenever the homothetic Killing vector ξ is null, namely when b 2 (z) − z 2 vanishes. In fact, this does first happen for all non-trivial initial conditions at some
We call the hypersurface z = z + , which is itself null, a homothetic horizon.
Since it is just a past horizon for the genuine singularity at the homotetic center, it cannot be physical in any sense, and it must also be a mere coordinate singularity. We therefore demand that the axion-dilaton be regular across it. This is equivalent, in fact, to expanding the equations of motion near z + , which is a singular point for the f (z) equation, and imposing that f (z) stay finite as z → z + . The cancellation of the divergent part of f (z) is a complex-valued constraint G involving the values of the functions at z + :
whose specific form we shall present shortly, for each conjugacy class, in sec-
With an equal number of real constraints and real unknowns, the system is completely determined, and the solution set is generically discrete.
The aforementioned correspondence between parameters and constraints fails for the parabolic class, because of the exceptional symmetry described in (19) . In this case, if the parameters (ω, Im f (0)) generate a solution, so do (Kω, K Im f (0)), since both the equations of motion and the condition (44) are invariant under this rescaling. Because of this degeneracy, the only real physical unknown parameter is therefore the ratio ω/ Im f (0), and the two-dimensional constraint must be solved for it. The system is thus a priori over-constrained, and part of the procedure must be reconsidered, as we shall see.
In practice, our numerical procedure is as follows. Let x 0 be the undetermined real parameter in f (0), which can be |f (0)| or Im f (0) depending on the class.
We define a complex-valued "mismatch function" of ω and x 0 as follows:
• Determine f (0) from x 0 for the specific class of interest according to (42).
• Having complete boundary conditions at z = 0, integrate the equations of motion forward numerically, starting from a small positive z 0 to avoid the singularity at z = 0.
• Stop the integration whenever the function b(z) − z is first detected to dip below a threshold value δ, which is positive but small. The precise z
where the crossing happens is identified as the corresponding estimate for z + . Up to the inaccuracies introduced by the regularization parameters z 0 and δ, the above G(ω, x 0 ) function will then vanish if and only if the resulting solution is regular at the homothetic horizon. Therefore, the problem of identifying regular solutions is translated into a search for zeroes of a complex function of two real variables. In practice, we plot curves where Re G and Im G vanish in the (ω, x 0 ) plane, and look for their intersections visually. After a suitable starting guess is thus identified, standard root-finding procedures can provide much more precise estimates for the positions of the roots.
Since the output of the root-finding procedure is especially accurate (in most cases we have verified that |G| can be reduced to at least ∼ 10 −13 ), the major source of inaccuracy in the solution parameters can be ascribed to the magnitude of z 0 and δ. Figure 1 : Schematic structure of the geometry of a non-trivial self-similar metric, with singular loci of the (z, t) chart mapped.
In the parabolic case, the aforementioned degeneracy reflects itself in the fact 
Global structure of spacetime
We follow the analysis in [15, 16] . We remark that z = 0 and z = z + are not the only singularities of the equations of motion or equivalently of the (z, t) coordinate chart. We have, in total, five singularities, as depicted in Figure 1 :
We have already discussed 0 and z + . The surface z = ±∞, or t = 0, is clearly also a coordinate singularity, and it is removed demanding that the functions propagate regularly across it from z → +∞ to z → −∞. Since this surface is not null, this requirement does not involve any additional constraints. Therefore solutions for 0 < z < z + can be smoothly continued up to this surface through z + < z < +∞, and then across it for −∞ < z.
The last singularity is encountered when b(z − ) = −z − , which happens at some z − < 0. This is the future light cone of the homotetic center, and like the first homothetic horizon it is null; therefore regularity across it imposes additional constraints which cannot generically be solved. Therefore, continuing solutions beyond z − is not possible, and thus it must be the location of an actual singularity bounding the region of existence and uniqueness for the equations of motion, a Cauchy horizon. In other words, note that points after z − can receive signals from the singularity at the homothetic center, which reflects a loss of uniqueness for the initial-value problem.
It is therefore reasonable to cut off solutions at the Cauchy horizon. In conclusion, a solution is valid in the range 0 < z < z + if and only if it has a valid extension from z = 0 to z = z − , which is as global a range as possible. This fact justifies our focus on the 0 < z < z + region only.
Constraint at z +
In this section we present the explicit form of G(f (z + ), f (z + ), b(z + )), which is proportional, in all cases, to the divergent part of f (z) as z → z + , and whose vanishing is equivalent to the regularity condition for the axion-dilaton through the horizon. The overall normalization of this function is of course arbitrary.
For the elliptic class:
For the parabolic case:
Note that (47) scales homogeneously as K 2 under (ω, f ) → (Kω, Kf ), so that its zeroes are invariant. For the hyperbolic case:
(48)
Trivial class
It is also instructive to comment on the case of a truly self-similar axion-dilaton field τ , that is to say where the compensating transformation of (7) vanishes. In 
Results
As an illustration, we can display explicit solutions in four and five dimensions for all three classes, which were obtained with the techniques described so far. Now we present our results for the corresponding six cases. and whose profile is represented in Figure 3 .
This solution was already known in the literature, see [17, 10, 15] . Consistently with the arguments presented in section 4.1 on the scaling symmetry, and reflected in Figure 4 , in the parabolic class one just needs to find zeroes of G(ω, Im f (0)) over the single real parameter ω/ Im f (0). In Figure 5 we plot this complex function over ω for Im f (0) = 1. We have not been able to identify any roots in this case.
Solutions for d = 4, hyperbolic class
We are able to identify several solutions of very rapidly decreasing Im f (0) in this class. No solutions are found with Im f (0) > 1. Moving to lower values, the first two solutions α and β are clearly determined; for the third γ solution we remark that due to the very small size of Im f (0) and correspondingly growing z + root-finding is affected by modest numerical noise and the quality is not excellent (G ∼ 10 −7 as compared to the more typical G ∼ 10 −13 − 10 −17 ), but we are confident in its existence. We tentatively also guess that a fourth root δ exists at a very small log Im f (0) ∼ −6.5, ω ∼ 0.65, but numerical errors are already too large to be certain. We cannot investigate any further down with the current setup, and therefore we are unable at this point to make a definite statement as to whether there are any missing solutions. The solution parameters are reported as follows, with the caveat that the shaded row corresponds to a solution that is not verified to comforting accuracy. As an example, in In this case we have identified three distinct solutions, as displayed in Figure 8 : We do not observe any solutions in this class, as in four dimensions. We do however note the remarkably low value of |G| ∼ 0.006 around ω ∼ 1.65. At this moment, we do not exclude that a solution ray in five dimensions that might have been rendered invisible by numerical errors, which is a possible option for such an over-determined system.
Solutions for d = 5, hyperbolic class
We are able in this case to identify reliably four solutions α, β, γ, δ, which are visible in figure 10 . As in four dimensions we cannot exclude the existence of additional solutions for smaller values of Im f (0), since numerical noise grows significantly in that region. 
Conclusions
We have examined spherically symmetric self-similar gravitational collapses in the Einstein-axion-dilaton system in arbitrary spacetime dimensions d ≥ 4, and have proposed a practical procedure for finding solutions numerically. We tested the latter in four and five dimensions in the elliptic, parabolic and hyperbolic conjugacy classes and have identified the corresponding solution spaces.
The present numerical procedure for determining scale-invariant solutions rep-resents a significant improvement with respect to previous settings [10] . This is partly due to the algebraic simplifications attained in our starting point, as described in section 3.1.2. However, we also benefited from improvements in the current version of Mathematica, which allow accurate event detection making use of correspondingly adaptive meshings. These tools simplified considerably the detection of the z + crossing, avoiding in turn the need for the time-consuming double integration techniques previously employed in previous works, following [10] , which entailed searches over much larger parameter spaces [15, 16] .
In a subsequent publication [18] we shall establish a formalism for the perturbation theory of such self-similar solutions for all dimensions and for all three conjugacy classes, and we shall investigate numerically perturbations of the solutions found in the present paper. 4 One perturbs the generic field h(t, r) of the self-similar solution letting
where ∆ is the scaling dimension of the field h. One then looks for for solutions for the (generically complex) exponent κ, which define the available modes.
This opens up a channel for computing the Choptuik critical exponent γ: the exponent of the most relevant mode is related to γ through [8] 1 Re κ = γ .
We will therefore reconstruct the Choptuik exponent for the elliptic four-dimensional case, which is already known in the literature, and then generalize the analysis to the families of CSS solutions 5 in different dimensions and conjugacy classes.
